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Abstract--A similarity solution for a multicomponent solidification model is introduced. The model 
includes a complete coupling of solute and temperature fields in the mushy region, a eutectic reaction, 
macrosegregation, microsegregation and fluid flow. The similarity solution is demonstrated on comparing 

its results with predictions obtained from a full numerical solution. (~) 1997 Elsevier Science Ltd. 

1. INTRODUCTION 

The development of  numerical methods for modeling 
phase change systems is a major  research area in heat 
and mass transfer. In carrying out these developments 
two validation/verification questions that need to be 
addressed are: 

(1) Is the complete numerical model, governing equa- 
t i o n s + b o u n d a r y  condi t ions+numer ica l  solu- 
tion, a reasonable representation of  the physical 
reality? 

(2) Does the numerical solution scheme accurately 
solve the governing equations? 

The first of  these questions involves the comparison 
with experiments, process measurements and to some 
extent physical intuition. The notion of  a reasonable 
representation reduces to accessing how useful the 
results of  the modeling exercise are in improving the 
understanding and operat ion of  a given engineering 
operation. Answering the second validation/ 
verification question is by and large a problem in 
numerical analysis. A direct way of  accessing the accu- 
racy of  a given numerical scheme is to compare pre- 
dictions against "test solutions",  i.e. analytical, semi- 
analytical or approximate solutions of  limiting cases 
of  the model. A weakness in this approach is that 
these limiting models may be far removed from the 
system of  interest. For  example, consider a numerical 
scheme developed for the solution of  a multi- 
component  alloy solidification model. Testing the per- 
formance of  this scheme against an analytical solution 
for a pure material [1] will show up any flaws in the 
proposed scheme, but will be unable to access how 
well the scheme handles the solute and temperature 
coupling in the two phase mushy zone [2], a key fea- 
ture in a mult icomponent  alloy. 

In this paper a semi-analytical similarity solution 

o f a  mult icomponent  alloy is developed. This solution 
is applicable to solidification models that include : 

(1) coupling of  the solute and temperature fields; 
(2) eutectic reactions;  
(3) microsegregation ; 
(4) macrosegregation;  and 
(5) fluid flow. 

These are features that make it an excellent test solu- 
tion for proving numerical schemes designed to model 
general solidification systems. 

2. GOVERNING EQUATIONS 

The problem investigated here will involve the 
unidirectional solidification of  a binary-eutectic alloy, 
e.g. a luminum~opper .  This solidification is carried 
out in an insulated, vertical mold with a cooled con- 
stant temperature boundary at z = 0, Fig. 1. Initially 
the liquid alloy in the mold has a uniform solute 
concentration, C = Co and a uniform temperature, 
T~ = TL+ATsH (the equilibrium liquidus tem- 
pe r a tu r e+a  super heat). The temperature at the 
cooled boundary is held fixed at a temperature, T~hl,, 
below the solidus temperature of  the alloy. In addition 
the mold is considered to be long enough such that 
the temperature at the upper boundary,  z = Z m o l d  , 

remains fixed at the initial temperature T,. After sol- 
idification starts the domain 0 <~ z <<. Zmo~d consists of  
three regions: (i) a fully solid region; (ii) a mushy 
region comprising a mixture of  solid crystals and 
liquid; and (iii) a fully liquid region. As solid forms 
in the mushy region the solute phase is rejected into 
the liquid. At the local scale of  the crystal structure, 
the dendritic arm spaces, the reject solute is redis- 
tributed by diffusion processes, setting up microscale 
concentration profiles, microsegregation. At the scale 
of  the process, due to flows induced by solidification 
shrinkage advection transport processes dominate. As 
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a numerical coefficient 
c specific heat capacity 
C concentrat ion 
(C~) S intrinsic volume average of solute 

concentration in solid phase 
K thermal conductivity 
k partit ion coefficient 
L latent heat 
m slope of the liquids line 
R density ratio 
T temperature 
T~ fusion temperature 
TL liquidus temperature 
U volume flux of interdentritic fluid. 

NOMENCLATURE 

Greek symbols 
fi microsegregation parameter 

ATsH super heat 
similarity variable 

p density 
). position of liquidus in ~ space 
p position of eutectic in ~ space 

thermal diffusivity 
4~ volume fraction of solid. 

Subscript 
chill chill face 
eut eutectic 
1 liquid 
liq liquidus 
mold top of mold 
s solid. 

a result, even though the total amount  of solute 
remains constant  in the system a solute concentration 
profile is established across the solid and mushy 
regions, macrosegregation. 

With regard to the system in Fig. 1 the following 
assumptions are made : 

(1) The solid is fixed, i.e. the morphology of the 
mushy region is columnar  dendritic or con- 
solidated equiaxed. 

(2) Within a representative elementary volume 
(REV) of the mushy region (order of 10 2 to 
10 3 m) the temperature is uniform. 

(3) Within the liquid fraction of the REV solutal 
concentrations are uniform. 

(4) Thermodynamic equilibrium holds at the solid 
liquid interface, i.e. at the solid-liquid interface 
in the REV the solid and liquid concentrations 
of each species are related via the expression 

z Zmi,d ' : 
!  ii!i' 

z = Zli ~ 

z = Z  
e u  

z = O  ~ = 0  
CHILL 

Fig. 1. Test geometry. 

C~ = kC~ where k is the equilibrium partit ion 
coefficient. This means that the temperature and 
the liquid solute concentrations in an REV lie 
on the liquidus surface of the phase diagram. 

(5) The temperature is rescaled such that the fusion 
temperature, Tv, is set to zero and the liquidus 
line is given by 

Cl = - m T  (1) 

where - m  is the constant  slope, see the sche- 
matic in Fig. 2. 

(6) At the macroscopic scale of a solidification pro- 
cess (order of meters) solutal mass diffusion is 
negligible. 

(7) At the microscopic scale, within the REV, finite 
solute diffusion in the solid is accounted for with 
a version of the Clyne and Kurz [3] mic- 
rosegregation model. 

(8) Flow is induced by imposing a density difference 
between the solid and liquid phases. Within each 
phase constant  density values, p~ and p~, are 
taken. 

/" 

Y=O 

eutectic 

C 
Fig. 2. Schematic of a section of the phase diagram. 
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(9) A low superheat in the liquid phase is assumed 
such that heat transfer in the full liquid region 
can be adequately modeled by heat conduction. 

(10) For convenience of presentation, alone, constant 
values of thermal conductivity, K, specific heat, 
c, and latent heat, L, have been assumed. 

With these assumptions the governing equations, 
derived from more general multidimensional equa- 
tions presented in a companion paper [2], are : 

In the liquid region Zli q ~< Z (7 = Zmol d is taken as 
the far filed condition z ~ oc). 

Heat 
~T ~2T 

- - K  
~t az 2 

where K = K/ptc is the liquid thermal diffusivity. 
In the mushy region Z~u, ~< z ~< Z~,q. 

Heat 

~T OT ~2T R L ~  
= K~-_2 + (3) 

where ~b is the volume fraction of solid in an REV, R 
is the density ratio (P=/PO and U is the volume flux of 
inderdendritic liquid. 

Concentration 
. ~Ci &b 

[/3kRq~ --~- ( l  --  (~)] ~ t  I ~- U ~ S  = ( 1  -k)eCl~. 

Mass 

at~ =(l_R)~4, 
0z ~7t 

In the solid region 0 ~< z ~< Zeu,. 

Heat 

On the moving boundary z = Ze=,(t). 

T =  Teut, K [~-T1 = - - R ( 1 - d p )  dZeu'L 
L~z] dt c '  

dZeu, 
[U]=(I--R)(1--qS) d t  (9) 

where the last two terms arise due to the jump in the 
liquid fraction at the eutectic front. 

A tz  = 0 
T = Tchil, < Teut. (10) 

In the mushy region, Ze,t ~< Z ~< Zliq, the governing 
equations are close to those previously presented by 
Chiareli and Worster [4]. The solute equation, 

(2) however, is more general. The Chiareli and Worster 
model assumes complete rejection of the solute as the 
solid forms (k = 0). In the current model k can take 
finite values between 0 and 1. In addition the current 
model includes the term,/3, not found in the Chiareli 
and Worster model. This term allows for the modeling 
of the microsegregation in the solid phase of the REV 
referred to as "black diffusion". A setting of/3 = 0 in 
equation (4) will model the case of zero solid state 
diffusion (the Scheil equation), a setting of/3 = 1 mod- 
els the case of complete solid state diffusion (the lever 
rule). The use of this term in equation (4) also allows 
for modeling cases of finite back diffusion, 0 </3 < 1 ; 
a model as noted in a companion paper [2], consistent 
with the well known Clyne and Kurz [3] micro- 
segregation model. 

A major step in the numerical solution of the gov- 
(4) erning equations is the coupling of the temperature 

and solute fields through the liquidus line of the phase 
diagram. Numerical approaches for this coupling can 

(5) become quite involved [2] and as a result they are 
difficult to validate. The central objective of the cur- 
rent paper is to develop appropriate semi-analytical 
solutions for the validation of temperature-solute 
coupling schemes. 

0T ~32T 
- R ~ c - - .  (6) 

~t 0z 2 

The boundary conditions are 

T =  TL+TsH, C , = C o  (7) 
as  Z --~ oO 

where Co is the initial composition in the liquid phase, 
TL = - - m C o  is the liquidus temperature cor- 
responding to this composition and ATsH is a super- 
heat. 

On the moving boundary z = Z t i q ( / ) .  

T =  TL, ~ =0 ,  q~=0 (8) 

where the brackets [] indicate the discontinuity across 
the boundary. 

3. A BRIEF REVIEW OF SEMI-ANALWI'ICAL 

SOLUTIONS 

A semi-analytical solution of a phase change sys- 
tems involves an analysis, sometimes based on an 
approximation, that reduces the governing partial 
differential equations to a set of ordinary differential 
or algebraic equations. In the context of the example 
one-dimensional problem introduced above two 
important classes of semi-analytical solution are out- 
lined below. 

3.1. The heat balance &tegral (HBI) 
This approach, first proposed by Goodman [5] for 

Stefan problems, can be used to model one-dimen- 
sional phase change that involve no flow or mac- 
rosegregation (i.e. equations (4) and (5) are removed 
from the set of governing equations). In the HBI the 
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temperature profile in the domain is approximated by 
a series of polynomials (one for each of  the solid, 
mushy and liquid regions) with coefficients chosen to 
satisfy appropriate boundary conditions. Following 
the integration of  the heat flow equation, equations 
(2), (3) and (6), the polynomial approximations, typi- 
cally quadratics, are used to reduce the governing 
equations to a set of  ordinary differential equations 
in terms of the movement  of  the solid/mushy and 
mushy/liquid interface positions. In some cases a simi- 
larity solution of the resulting equations can be 
obtained which reduces the problem to that of  solving 
a set of  nonlinear algebraic equations. Tien and Geiger 
[6] investigate the unidirectional solidification of  a 
binary eutectic alloy in a semi-infinite domain with a 
fixed surface temperature at z - 0 and in later work 
[7] with a prescribed varying temperature. Sunderland 
and co-workers have investigated similar problems in 
finite domains with fixed surface temperature [8] and 
convective cooling [9] at z - 0. In the work in Refs 
[6 9] the heat generation term in the mushy region is 
handled on specifying that the liquid tYaction is a 
function of  distance across the mushy region and as 
such microsegregation is not accurately modeled. This 
drawback is overcome in the work of  Voller [10] who 
develops a heat balance integral solution of  a binary- 
eutectic alloy solidification based on an enthalpy l\~r- 
mulation that allows for treatments of the micro- 
segregation, i.e. the lever rule or Scheil equation. 

Using an approach with some similarity to the heat 
balance integral methods Ftemings and Nero [11] 
developed an approximate solution for the macro- 
segregation in a binary-eutectic alloy, a phenomena 
neglected in the heat balance integral models [6 10]. In 
this approach an analytical expression for the mixture 
concentration at any point in a semi-infinite casting is 
obtained on specifying the movement of  the solid,, 
mushy and mushy/liquid interfaces and specifying a 
linear profile for the liquid fraction. Good  comparison 
with experimental measurements of concentration are 
obtained on matching the prescribed movements  of  
the interfaces to experimental measurements. 

3.2. Shnilarity solutions 
In a similarity solution a similarity variable, com- 

bining the space and time variables, is sought that 
transforms the governing partial differential equations 
into a set of  ordinary differential equations with the 
similarity variable as the independent variable. In 
some cases an analytical solution of the resulting equa- 
tions can be found, e.g. the Neumann solution of  the 
Stefan problem [1], the Rubinstein solution of  plane 
front alloy solidification [12] and the solution of  a 
mushy phase change with an imposed linear liquid 
fraction profile [8, 13]. In general, however, a numeri- 
cal solution of  the ordinary differential equations is 
required : a step which is likely to be far more robust, 
accurate and less demanding than solving the original 
governing partial differential equations. In this 
respect, since no additional physical approximations 

are made one can have a high degree of  confidence 
that a similarity solution will provide an accurate solu- 
tion of the given solidification model. 

In terms of finding similarity solutions of  the unidi- 
rectional solidification of  binary eutectic alloys, see 
Fig. I, most work has focused on aqueous solutions 
that exhibit zero solid solubility (k = 0), i.e. as the 
solid forms in the mush there is complete rejection of  
the solute phase. Braga and Viskanta [14] present a 
similarity solution for an aqueous solution and com- 
pare results with an experiment. In their model the 
surtitce temperature at : - 0 is fixed at a temperature 
above the eutectic and fluid flow is neglected. Hence, 
only two regions form (a mushy and full liquid region) 
the eutectic reaction is avoided and macrosegregation 
is not modeled. Fang et al. [15] present a similar study 
that includes three phases, solid, mush and liquid. In 
this work, however, conditions are such that a eutectic 
phase does not form and fluid flow leading to mac- 
rosegregation is neglected. Worster [16] presents a 
more complete similarity solution for an aqueous sol- 
idilication system. This solution includes three phases 
and a eutectic reaction but still does not account for 
fluid flow or macrosegregation. This feature is 
addressed in later work by Chiareli and Worster [4] 
who include fluid flow and macrosegregation. The 
model in this case, however, does not include a solid 
phase or a eutectic reaction. 

The objective in this paper is to develop a similarity 
solution for the system shown in Fig. 1. This solution 
is applied to a system that has many features that 
distinguish it from previous similarity solution sys- 
tems : 

(1) The system includes fluid flow and mac- 
rosegregation along with a eutectic reaction and 
a fully solid phase. 

(2) The alloy under consideration is more general in 
nature. In particular it can exhibit finite solubility 
and can have a finite diffusion of  solute in the 
solid phase, i.e. the value of  fi and k in equation 
(4) can be non zero. 

(3) With appropriate interpretation and sim- 
plifications of  the phase diagram the solution can 
be applied to mult icomponent  alloys, e.g. a ter- 
nary alloy. 

4. THE SIMILARITY SOLUTION 

In keeping with earlier similarity solutions the 
appropriate similarity variable is 

c~ - (11) 
2x/K/ 

The movements of  the eutectic and liquidus fronts are 
assumed to follow the relationships 

Z,,q 2),x/J~,-t, Z~,~ = 21%"tot (12) 
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such that in the ~ space these fronts are fixed at ~ = 2 
and ~ = #, respectively. On defining a velocity term 

U* = X/~ U (13) 

the governing partial differential equations, equations 
(2)-(6), can be reduced to a set of ordinary differential 
equations in terms of similarity variable, ~. 

In the liquid region : ~ ~> 2. 

Heat 
dT d2T 

2 ~ d (  = d~ 2 (14) 

In the mushy region : # ~< ~ ~< 2. 

Heat 

dT L d(o d2T-- 2~-[(1-(o)+(oR]~+ZU*d~+ZR~ d ~  
d~ 2 C 

(15) 

Concentration 

dO ~[(1 -(O) +ilk(oR]- U* dT 
d~ = (1 -k)RT~ d~ (16) 

where the liquidus line, equation (1), has been used to 
eliminate the liquid concentration, C~, in favor of the 
temperature T. If required the volume averaged con- 
centration in the solid at each point in the mushy 
region can be calculated on solving the differential 
equation 

d(o < C~ >~ _ Tk_d(o _fl(ok dT (17) 
d~ m de m d~ 

where (C~> ~ is the intrinsic volume average and once 
again equation (1) has been used to eliminate the 
liquid concentration. 

Mass 

dU* = ( R - I  d(o 
d~ ) ~ '  (18) 

In the solid region : 0 ~< ~ ~</l. 

Heat 
dT d2T 

2 ~ -  = R ~ - 2 .  (19) 

In the similarity variable the boundary conditions 
become 

As ~--* oc 
T --, TL + TsH. (20) 

On the boundary ~ = 2 

T=TL,  ~ = 0 ,  ( o = 0 .  (21) 

On the boundary ~ = p 

T =  Teut, = --2R(1-(O)#~[,  

[U*] = ~(1 - R)(1 - 4'). (22) 

A t e = 0  

T = Tchil 1. (23) 

In the fully solid and fully liquid regions analytical 
solutions for the temperature can be obtained 

rs. 
T=(TL + TsH)--er~c(2) erfc(~) (24) 

and 

Te~,t- Tchi,, e r f (~x~)  (25) 
T =  TchilI-~ erf(#,,flR) 

respectively. From these solutions the temperature 
gradients on the liquid side and solid side of the mushy 
region can be found, i.e. at ~ = 2 + 

dT 2 TSH )-" 
~ -  - x ~  e r f ~ ) e  " (26) 

and at ~ = p -  

dT 2 x/R(T~ut - Tch,l) e (~"~)". (27) 

= ~ erf(px/R) 

In the mushy region the similarity equations, equa- 
tions (15) (18), have to be solved numerically. Adopt- 
ing and extending the approach of Chiareli and Wors- 
ter [4] a nested shooting method with an Euler 
solution is employed. The mushy region, p ~< ~ ~< 2, 
is discretised into 4000 divisions. Then the following 
iterative steps are employed : 

(1) Values for 2,/l  and U*[~_x are guessed. 
(2) For  the current choices of 2 and # the integration 

size is evaluated. 
(3) Using the condition of continuity of temperature 

gradient at 4 = 2 ,  equation (21) and the 
expression in equation (26) the temperature 
gradient on the mushy side of ~ = 2 is evaluated. 

(4) Starting at ~ = 2 and stepping down to ~ = p the 
mushy equations, equations (15)-(18) are solved 
as initial value problems using an Euler solver. 

(5) Based on closing the difference between the cal- 
culated temperature at ~ =/~ and the given value, 
Teut, the value of 2 is updated. Following each 
update steps 2 4  are repeated. This continues 
until convergence. 

(6) Following step 5 the temperature gradient on the 
solid side of ~ = p is evaluated with equation 
(27). Then on using the jump condition in the 
temperature gradient at ~ =/~, equation (22), the 
value of # is updated. 

(7) If convergence at step 6 is not achieved, the cal- 
culated temperature gradient on the mushy side 
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Table 1. Properties and 

Property Value 

c 1000  
K 100 
L 4x 105 
7~,= 821.2 

921.2 
904.2 

7~*~h,~ 621.2 
ATs. 1.0 
k 0.15 
p~ 2400 
p~ 3120 
G, 5.0 
m 3.4 

conditions used in test problems 

Unit 

Jkg  ~K 
Wm ~K ~ 

J kg 
K 
K 
K 
K 
K 

kg m 
kgm 
wt.% 

* Note in the similarity solution these temperatures are 
scaled such that T* = 0 

of  ~ = # and the gradient evaluated from equa- 
tion (27) fail to satisfy the jump condit ion in 
equation (22), steps 2-6 are repeated. 

(8) On convergence at step 7 the calculated value of  
the interdendritic flow, U*, at ~ =/~ is compared 
with the target value, equation (22). The diffEr- 
ence between the calculated and target value is 
used as a mechanism to update the flow at ¢ = 2. 

(9) If  convergence at step 8 is not achieved steps 2 
8 are repeated. 

(10) Convergence at step 9 provides the complete 
solution. 

(11) Following complete convergence the mixture 
concentration at each point (integration step i) 
in the mushy region is calculated as 

t~(~ < C > % - p , ( l  _ ~ , ) T ,  
r n  

[c], = (28) 
p~q~+p~(1 -~bj) 

In this routine some of  the correction steps required 
underrelaxation, with appropriate choices; however, 
a complete convergence can be obtained in a matter  
of  seconds on a personal computer. The choice of 
4000 steps in the mushy region may seem excessive 
but it is required for accurate solutions independent 
of  the step size. The amount  of  steps required is a result 
of  using a first-order Euler scheme the application of  
a fourth-order Runge Kutta  scheme would require 
fewer steps. 

5. TESTING 

5.1. Basic' testing 
Testing is carried out with a test alloy with proper- 

ties consistent with an AI -Cu  alloy. The difference 
between the solid and liquid densities has been 
enhanced however to fully test the similarity solutions 
handling of  fluid flow and macrosegregation. The 
appropriate test data, boundary conditions and geo- 
metric data (corresponding to the mold arrangement 
in Fig. 1) is given in Table 1. 

In the first instance the similarity solution is used 
to predict the level of macrosegregation across the 
mushy region, /~ ~< ~ ~< 2, in the case of  complete 
diffusion of the solute at the local scale, fi = 1 in 
equation (4). Figure 3 plots the macrosegregation pro- 
file in terms of  the similarity variable. As el point 
of  comparison predictions obtained at three different 
time steps with a full numerical model [2] are collapsed 
oll to this curve. The comparison is excellent indi- 
cating a sound consistency between a complete 
numerical solution of the governing partial equations 
and the similarity solution based on the transformed 
ordinary differential equations. The very small diffEr- 
ences can be attributed to grid errors in the numerical 
model and to the use of  the first order Euler solver in 
the similarity solution. Figure 4 shows similar results 
to those in Fig. 3. In this case, however, the mic- 
rosegregation parameter in equation (4) is fi = 0, cor- 
responding to the Scheil assumption of  no solid state 
mass diffusion of  solute. Once again the comparison 
with numerical predictions is excellent, confirming 
that the proposed similarity solution can effectively 
deal with the full range of  microsegregation behavior. 
in order that other researchers can readily use the 
similarity solution to check the performance of  pro- 
posed numerical schemes the values of  the con- 
centrations across the mushy region presented in Figs. 
3 and 4 are tabulated in Table 2. 

5.2. Extensions 
In limited cases the proposed similarity solution can 

be applied to a mult icomponent  system. The restric- 
tion is that the microsegregation parameter, fi, and 
the partition coefficient, k, are constant for each solute 
species. In this case, due to the condition of  mass 
continuity, the ratio between the concentrations in the 
liquid phase will remain constant, e.g. for a ternary 
alloy with two solute components (A and B) 

DI B 
CA = ~ - -  C~ (29) 

I l l  A 

where ~ is a fixed ratio. Using this expression in the 
phase diagram leads to explicit relationships between 
the species concentrations and the temperature, i.e. 

~T T 
C,~ = ( ~ + l ) m ~ '  C,  ( ~ + l ) m b "  (30) 

In this way, on summing the individual concentration 
equations for each species, the similarity equations in 
the mushy region are identical to those used with the 
binary alloy. Although limited it is noted that this 
mult icomponent  solution is an excellent test problem 
for general purpose solidification codes, see the exam- 
ple in the companion paper [2]. 

5.3. Limitations 
In terms of  modeling realistic macrosegregation 

problems there are two limitations with the current 
similarity solution. 
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i ~ l , l l ; t l [ l l l t t , r  r l f t l l l l  J , , t | t l = l , l t t l l l ~ l t  
0 . 3 5  0 . 4 5  0 . 5 5  0 . 6 5  

Similari ty Variable 
Fig. 3. Concentration profile for lever rule. 
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0 
..a 5 . 0 0  

(D 
0 

4 . 8 0  
0 

4 . 6 0  

4.40 
0.25 0.35 0.45 0.55 

Similari ty Variable 
Fig. 4. Concentration profile for Scheil assumption. 

5.20 

S i m i l a r i t y  S o l u t i o n  
+++++ N u m e r i c a l  Sol. (250 s) 
x x x x x  Numer ica l  Sol. (500 s). 
oooo~ Numer ica l  Sol. (1000 s) 

0 . 6 5  

(1) Due to the assumption of negligible heat advec- 
tion in the full liquid the similarity solution may 
be limited to problems with a low superheat. 
Numerical experimentations, however, shows 
that the accuracy of the solution is not  greatly 
effected by the treatment of the full liquid region. 
Figure 5 shows the mushy region macrosegre- 
gation similarity profile (fl = 0) when ATsH = 25 
as opposed to ATsH = 1. Comparison with the 
profile predicted by a complete numerical solu- 
tion, a solution that includes a full treatment of 

(2) 

the liquid phase, indicates that the loss in accuracy 
in the similarity solution with this high superheat 
is very small. 
In the similarity solution a fixed constant  chill 
temperature, T~h,,, is used. This condit ion forces 
a constant  level of macrosegregation in the full 
solid region. A condit ion that is required i fa  simi- 
larity solution across the mushy region is to be 
obtained. By definition of the similarity solution 
all the conditions on the eutectic and liquidus 
fronts have to remain constant  in time. In a real 
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Simi la r i ty  V a r i a b l e  

Fig. 5. Concentration profile for lever rule when ATsH = 25. 

O 
°r,-~ 

4 . 8 0  

0 
L9 

Table 2. Concentration values in mushy region 

Lever model/3 = 1 Scheil model/~ = 0 
Similarity variable ~ Concentration C Similarity variable ~ Concentration C 

0.319834 (kt ) 5.17910 0.321057 (kt ) 5.27403 
0.319834 (#+) 5.00644 0.321057 (#+) 4.50680 
0.350665 4.84868 0.352720 4.50480 
0.381495 4.71386 0.384348 5.50041 
0.412325 4.61331 0.416048 4.50133 
0.443155 4.56732 0.447711 4.52210 
0.473986 4.60417 0.479375 4.58732 
0.504816 4.73062 0.511038 4.71647 
0.535646 4.87633 0.542702 4.86656 
0.566477 4.96078 0.574365 4.95792 
0.597307 4.99134 0.606029 4.99096 
0.628137 (2) 5.00000 (t.637692 (2) 5.00000 

system, based on the geometry in Fig. 1, the chill 
t empera ture  will change with time, a convective 
cooling condi t ion  is typical. In such cases a so 
called inverse segregation profile is established in 
the full solid [17]. This profile takes a large value 
at the chill face and  decreases away f rom the chill. 
Predict ing a typical inverse segregation profile is 
beyond the reach of  the current  similarity solu- 
tion. 

6. CONCLUSIONS 

A semi-analytical  similarity solut ion for the sol- 
idification of  an  alloy has been proposed,  The solution 
offers computa t iona l  advantages  over a full numerical  
solutions of  the set of  governing part ial  differential 
equat ions  in tha t  it only requires the numerical  solu- 
t ion of  a set of  ord inary  differential equat ions.  The 
numerical  methods  employed to solve these equat ions  

are very s tandard  and  robust  and as a result there is a 
high degree of  confidence tha t  the similarity solut ion is 
an accurate  solut ion of  the given solidification model. 

The solut ion presented in this paper  has features 
not  found in previous similarity solutions [2, 14~16]. 
In par t icular  

(1) The solution can be applied to problems that  have 
finite par t i t ion coefficients and  involve finite levels 
of  local solute diffusion in the solid state. 

(2) The solut ion can model  problems with fluid flow, 
macrosegregat ion and  eutectic reactions.  

(3) In limited cases a similarity solut ion for the sol- 
idification of a mul t i componen t  alloy systems can 
be obtained.  

Results f rom the similarity solut ion have been shown 
to be fully consistent  with results obta ined  by a com- 
plete numerical  solution of  the governing part ial  
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differential equations.  This confirms that  the proposed 
similarity solution is an excellent means for testing 
proposed numerical solutions of alloy solidification 

problems. 
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